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§1, Introduction

Given an arbitrary integer a, we have the following congruence:
ala = 1) = 0 modulo 2,

Slightly less obvious is the following fact. Given an arbitrary

pair of integers 8,5 85, then at least one of the three numbers

a1(a1 -1) az(aa -1) a1a2(a.1a2 - 1)

will be divisible by 3. Verification of this property, by
distinguishing some cases, is not difficult and it follows then

from our initial congruence, that the same number is divisible by 6.
By suchlike observations we were led to the following question:

Given a modulus n, does there exist a number Q such that any

sequence of integers

(1) a, 5 &

contains a subsequence of the form

(2)

Bis Byqseecs 8y (1<izjzal,

for which

(3) a

08 .l8. a. 08, = = ?
i 8441’ .a.J(al 8,1 aJ 1) = 0 modulo n

This is true for n = 1 and n = 2 with Q = 1, and for n = 3 and

n = 6 with Q = 2, as we have stated already.

For n = 4, 5 and 10 it turns out to be true with Q = 4, but in
neither case with Q = 3. Hence it seems of interest to look for the
least possible value of Q which can be assigned to & given n in the

above sense, if such a Q exists.

We shall demonstrate in this note that Q always exists,

Moreover we shall prove:




The least possible value of Q; considered as a funcgtion
of n, is a multiplicative function of n in the

)

o o 2%
arithmetical sense ‘.

These proofs are given in §5 en §6, Our theorem 1 (§k) which
contains all the information in a shortened dialect, will be
applied in §7 to a divisor problem, connected with some puzzles

on decimals (theorem 2),

Sections 2 and 8 are dedicated to the algebraic background of
the problem. In our theorems and proofs, however, we employ the

language of elementary number theory.

§2, Algebraic remarks

The existence of Q for a given n can be proved by algebraic methods,
even without reference to finite rings or prime factorizaticn. We
have given such a proof, in co-operation with P. VAN EMDE BOAS,

in [2] of our reference-list. The following theorem provided the key.
Theorem (not to be proved here):

To each finite semigroup H a positive integer X can be assigned,
such that any word W of length X over H contains a subword with

idempotent value.

Here a subword is understood to consist of one or more consecutive
letters of the given word W. It is easy to show, that this theorem
implies the affirmative answer to our question as described in (1),
(2), (3). To that end, we take for H the multiplicative semigroup

of all the residue classes modulo n and denote it by R o Clearly each
of the integers of (1) defines a class of R , namely, the class to
which it belongs. Now let A be the constant, figuring in the theorem
just quoted, as determined for the semigroup Rns and let Q 2 A, Then

the sequence (1) defines a word W of length Q over R which, by our

) A . . .
s defined, for instance, 1n [3] §5.5




theorem, contains a subword w such that
[wl? = |w| inR.
n

Here lwl means the product of the letters of w. Consequently, the
corresponding integers form a sequence (2) with the property, that
the numbers (Trav)Q and (TThv) lie in the same class of R o This is

equivalent to the assertion (3).

As to the dependence of A on the order of H, the report [2] provides
some upper bounds, which are reasonable enough for the general case.
For the special semigroups Rn,'however, they turned out to be

inadequately large.

In order to find the best possible estimate for Rn’ we shall have to

apply some tools of number theory,

§3, Some conventions

When dealing with arithmetical congruences, it is sometimes difficult
to decide, whether residue classes should be considered or integers

which belong to these classes. Hence we make the following convention:

8. If we use an arithmetical congruence, it is meant as a
"relation between integers only (hence not between classes,

or between classes and integers),

The following conventions and the subsequent definition might be
noted as well. (They are adaptations of the general conventions in
[2], which we have used in §2 of this note.)

b. A word is a finite sequence of integers. We leave the
"empty word" out of consideration. The terms of a word

will be called digits, whatever integers they may be,

co A subword consists of consecutive digits, in their original

order of succession.




d. The value of a word w, to be denoted by le, means the
integer which is the product of all the digits of w, To
give an example, if w is the word which consists of the

single digit =25, we have:

|w| = <25.

e. Formal division of the word 8y 0508, by the word

- . < < 3 .
I (0 < s <t) yields the word a

cool, o

+1 t

modulo n,

Remark. We took the term "automorphic" from D]; where it serves as
an arithmetical substitute for "idempotent". Our definition is
slightly different from GOODSTEIN's, but confusion seems unlikely.

§4, Statement of the main result

The question of §1 is settled by the following theorem.

Theorem 1,
Let ¢(n) be the Eulerian indicator of n., Define a function

Q(n) as follows:
Q1) = 13

(p™)
Q(mn)

G¢(pu) if pa is a prime=power (a > 1);

Q(m)Q(n) if m and n are coprime.
Then we have the following properties:

Property I. Any word of Q(n) digits contains a subword which is
automorphic modulo n.

Property II. Given n > 3, there is a word of Q(n)=1 digits, which has

no automorphic subwords modulo n.




a a
Remarks. Let Pllooopt be the canonical factorization of the modulus

S aman

n (n > 2), Then we have

t
Qn) = (T o) © ¢(n)

o

1=1
and in particular, for n < 1lk:

n l 2 3456 789 10 11 12 13 14

Q(n) I 1 2 4 4 2 61212 4 10 8 12 12

The best possible estimates for the critical wordlength, which could
be obtained by the general methods of Ea], are as follows:

n | 2 3 b 5 6 7 8 9 10 11 12 13 14

12 4 8 4 24 36 5k 128 108 256 192 576

A<

We have tabulated them mainly in view of a certain conjecture, to be

raised in §8.

§5, Proof of theorem 1, property I

Lemma 1. Let n be a number which has property I (3’; 1),
Choose a number g > 2 which is coprime with n.

3 P,
Let W be a word of ¢(g)Q(n) digits, all of which are

coprime with g.

3% e
Then W contains a subword which is automorphic modulo gn,

Do one

case n = 1. It might be advantageous to make that assumption at a

first reading.)

For shortness’ sake let us write ¢(g) = ¢ and Q(n) = Q. Let W be

the word

c., ¢C

i 2occc

$Q°




where the c, are digits. We consider the sequence of words

(b) c c.C c.c

0 ® %% » %S o cc° 3 g% Cp-Cyqs

where ¢ is a supplementary digit, which may be chosen arbitrarily,
but should be coprime with g. Sequence (%) consists-of ¢Q+1 terms,
each of which is a word, which has a value coprime with g.

By the pigeon=hole principle one may select Q+1 terms from (4),
‘such that the values of all these terms- belong to one and the same
residue class modulo g. Otherwise there would be more than ¢(g)
different classes in the reduced residue-class system modulo g.
These Q+1 terms form a subsequence of (4), which we shall denote
by S.

If the second term of S is divided, formally, by the first one, we

obtain a word

(5) v, =

- o060 I3 < 1 < ]
1= %5414 oF (1 < i+1 < 3),

such that |w1| Z 1 modulo g, whilst w, is a subword of W*o

1
If S contains more than two terms, we divide the third term (formally)

by the second one and obtain a word

(6) Vo F €541%542

co0o0 ck (j+1 f_k)g
such that |w2| = 1 modulo g, It should be noted now, that the index

c00C is a sub-

j in (6) is the same one as in (5); hence c. e

" e i+1%i+2
word of W .
By continuing the same procedure, the whole sequence S can be

exhausted. One will find, finally, a stringof ad jacent

subwords of w*, viz:
(7) w1 ? W2 3 coo 3 WQ(H) 9

such that |wvl = 1 modulo g for 1 < v < Q(n).
From this string we shall select a subword of W which is automorphic

modulo éﬁo




To that end we consider the word
(8) |w1 | lwel ooo IwQ(;) l 9

which consists of Q(n) digits, each digit being a well-defined
integer (as required in convention b of §3),
One of our assumptions says that I is valid for the modulus n.

Hence (8) contains a subword, say

lwrl Iwr+n‘| ooo stm1| |ws| ’ (1 ir f, s _:Q(n))g

which is automorphic modulo n. It follows easily that

W = - n
(9) |wf LATREETL NI A Iwr LA S wsl mod n,

Since all the words-wv'have the property that val £ 1 modulo g,
it will be clear that (9) remains valid if we replace the modulus n
by g. As n is coprime with g, the congruence (9) will now hold modulo

gn and this proves-the lemma, with

oo0o0 w w

W W
r r+i s=1 s

as the promised subword.

Lemma 2. Given an integer k > 1, let us assume that property I has
been established for all those n > 1, each of which has less
than k different prime-divisors. Then I holds true for any n

which has exactly k different prime-divisors.

Proof Choose a number n which has exactly k different prime-divisors,

Do apas!

then we have

a, a o
D =Py Py oo Py (k > 1),

where the p. are different prime-numbers and where each a, > 1.

Next, let W be a word of Q(n) digits. We have to ascertain that W
contains a subword w for which
I2

(10) |w|€ = |w| modulo n.




If |W| happens to be = 0 modulo n, (10) is true with w = W,
If |W| # 0 mod n, there must be an index i such that

(11) [W| # 0 mod p” for p = P;s @ = 0.

By the definition of the function Q(n) we have:

a(n) = eo(pM)a(®s) ,
b

so that we may subdivide the word W into o disjunct subwords, each

of length ¢(pa)Q(npma)o

In view of (11) at least one of these & subwords must have the
property that none of its digits is divisible by p. Denote such

a subword by W* and apply lemma 1 with g = pa9=; = npmao One will
find that W* (hence a fortiori W) contains a subword w satisfying

(10). This completes the proof.

Lemma 2 provides the proof of property I for all n, by induction
with regard to k, One has to start with the observation that
property I is true for n = 1, this being the only positive integer

which has less than one prime=divisor,

§6, Proof of theorem 1, property II

For each value of n > 1 let us define q(n) as the least possible
integer Q which has the property that- any word of Q digits contains
a subword which is automorphic modulo n. By property I, q(n) exists
for all n and q(n) < Q(n) for all n.

Hence, if we can prove:
(12) a(n) > Q(n) for all n,

property II will be certainly valid. The reader will see at once,
that the following two lemma's imply the truth of (12):




Lemms 3, If n is a prime-power, we have

a(n) > Q(n).

Lemma 4. Let m,n be a pair of coprime positive integers. Suppose
that g(m) > Q(m) and q(n) > Q(n). Then we have
q(mn) > Q(mn).

Proof of lemma 3 The case n=2 has aslready been dealt with in our

introduction, whence we may assume that n = pa > 3, which implies

that ¢(p®) > 2. Regrettsbly, we may not assume that p > 3.

First, let us construct an auxiliary word W with the following

properties:

(i) W consists of ¢(p")-1 digits;
° o . . o . o o]
(ii) Each digit of W is coprime with p ;

(iii) W does not contain a subword w for which |w| = 1 modulo paa

An easy method of construction of such a word W (not only for pa
but for any n > 3), is implied by a theorem on finite groups in [2].
The following construction is slightly more difficult, but it leads

to more. surveyable words W,

If p is odd, let us take an integer r which is a primitive root of

pa and define the word W by

W= rrre...rr (length ¢(p%)-1).
Then W has clearly the three properties (i), (ii) and (iii).
If p = 2, define the word W by

W = uSuS...5u5u (length ¢(2%)-1, a >2),

where the digit u is the number -1. Here any subword has either a
=1

value of the form —Sks which cannot be = 1 mod 2% because it is
a=2
‘10

It is well-known (and rather easy to prove) that the order of
2

modulo 4, or its value is of the form +5X with 1 < k < 2

5 modulo 2% for a> 2 is precisely 2%" , and it follows at once that




10

1 mod 2“; hence W has clearly the

W has no subwords w for which !w|

properties (i), (ii) and (iii).

The auxiliary word W will help us to prove that q(pa) > Q(pa)e We
consider the word

(13) Wp1wp2900wpa_1w 9

where Py = Py = oo = Pg_q = P3 (13) should be interpreted as a
single word W if o happens to be 1.

A . .
Any subword w of (13) has a value of the form p vV, where vV is coprime
with p and where 0 < A < a=1, If A = O, w must be a subword of W.
If A > 1, we have !wl 2 0 mod p but |w] # 0 mod pa° Hence we have in
both cases:
o a
|w| 2 1 mod p and |w| Z 0mod p ,

which statement is equivalent to |w|2 2 |w| moa paa

This means that (13) has no automorphic subwords mod pa° The number
of digits of (13) is a¢(pa)-1 so that we have, finally:

a(p®) > as(p™) = q(p%).

Proof of lemma 4 To the assumptions of lemma 4 we may safely add:

m>2, n23,

If m=2, n must be odd and we have Q(2n) = Q(2)Q(n) = Q(n). By the
definition of q(n) it is moreover easy to check that q(2n) > q(n), or

even that q(2n) = q(n). Hence we have

a(2n) > q(n) > Q(n) = Q(2n).

We may assume from now on that both m and n are > 3, which implies

that q(m) and q(n) are each > 2,

Let a1a2°°,aq(m)_1 be a word without subwords which are automorphic

modulo m. Choose, for each index i, an integer bi such that
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bi £ 1 modn
(14) { -

b. a. mod m,
1 1

This is certainly possible; one may take for instance:

b. = m¢(n) + a,ncb(m)°
1 1

Then the word

(15) B = b1b2ooébq(m)-1

does not contain automorphic subwords modulo m, and it has moreover
the property that any one of its subwords has a value = 1 modulo n.

Furthermore, let °1c2°°°cq(n)-1 be a word without automorphic subwords

modulo n. Then the word

(16) Bcch2oooch(n)w1B

consists of exactly q(m)q(n) = 1 digits; we shall prove that none of

. e oe 2 -
1ts subwords w satisfies the congruence |w| = le modulo mn,

If a subword w of (16) is contained in one of the subwords of the
form B, it is not automorphic modulo m and hence, a fortiori, not

automorphic modulo mn.

If a subword w of (16) is not contained in a word B, it will contain

one or more digits c; of (16). In that case we have:

|w| 000C modulo n

legepareeunyl
for a certain pair of indices t,u with 1 <t < u < q(n)=1; this
follows from the fact that the whole word B and any of its subwords
have a value = 1 modulo n; they are completely "sieved out" when the
value of w is calculated modulo n. It follows that w is not auto-

morphic modulo n and hence, a fortiori, not automorphic modulo mn,

We have proved by now, that q(mn) > g(m)q(n). Hence, by our assumptions:
a(mn) > q(m)a(n) > Q(m)Q(n) = Q(mn),

which proves lemma k.
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§T. A theorem on divisors

The following statement and subsequent remark can be read without

regard to our previous text.

Theorem 2. Denote by t(m) the number of divisors of m. Then any

number A for which

(n=1)t(n)=n

(17) T(4) > 2 (n22)

will have a divisor d > 2 such that

d(d=1) = 0 modulo n.

Remark This theorem implies that any positive integer which has more

00, 01, 25 or T6 |,
if expanded in the decimal scale.

2

791 may be replaced by 22 o

We conjecture, that here the estimate 2
This result would be best possible, for there exist numbers with
exactly 222 divisors, no divisors 4 of which ends on 00, 01, 25 or 76
(a >2).

For introductory information concerning "automorphic" numbers in

various scales, see R.L. GOODSTEIN's paper [1].

Proof of theorem 2 By our (former) definition of Q(n) we have for

n > 2:

aln) = ¢(m)TWa; < (a=-D{M(a#) =1} = (a=D{x(n)-1} ,

vhere Trai denotes the product of the exponents in the canonical
factorization of n. Hence we have, if we assume (17) to be true for
a given A:

1(a) > 2Q(n)'1
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This inequality implies that A can be written as the product of
at least Q(n) prime numbers, which may be different from each other
or not, (For whatever the case may be, a number which is the product

of less than Q prime numbers has at most ZQGT divisors).

Now let us consider the formal product of all the prime~factors of A
as a word, where each prime=factor is a digit and where the order of

succession is arbitrary.

It follows from theorem 1 that this word has an automorphic subword
modulo n. Denote its value by d, then d is a divisor of A and we

have d > 2. Since moreover d2 £ 4 modulo n, theorem 2 has been proved.

Remark Readers who might be interested in the order of magnitude

of the function Q(n), are invited to prove by elementary methods,
as described in [3] Ch.XVIII:

a. 3Vn+1 < Q(n) < inVn+1 for all n > 2,

= 1+€

€ < Q(n) <n for all n

which are sufficiently large.

b. Given € > 0, we have n

c. Given E > 0, we have Q(n) > n(log n)E  for infinitely many

values of n.

§8, Supplementary algebraic remarks

Let us return to the algebraic point of view, as abandoned at the
end of §2., It is clear that the semigroup R, contains for n > 2

at least two idempotent elements, zero and unity (for n=1 they
coincide). By simple considerations it can be shown that the exact
amount of idempotents in Rn is

2w(n)

?

where w(n) is the number of different prime numbers which divide n.




1k

In [2] an upper bound has been derived for the critical word-length
for an abstract semigroup with n elements, 6 of which are idempotent.
This function (too complicated for quotation here) has extremal

n

~properties if 6 = 3]

w(n)

If we apply it on R s with 6 = 2 , we obtain for n < 1k the

second tabulation of §k,

Here the numbers 7, 12 and 14 are of special interest, because they

are the only positive integers n for which 6 = %- in Rno

We conjecture that there are positive integers N(n) (5 <n 2 1k)

such that RN(n) has a subsemigroup of order n with 2w(n) idempotents,
for which the critical wordlength, as given in our second tabulation
of §4, is the best possible one. (If this conjecture is true there
should exist, for some N, a multiplicative semigroup of residue-
classes modulo N, consisting of 14 elements, over which a word of

575 letters can be constructed without subwords of idempotent value).

More generally, we put forward the question whether eachcommutative
- gsemigroup of order n can be embedded, isomorphically, in an

arithmetical semigroup of the typé Rﬁo
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